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Quotients of the Bore1 sigma-algebra with respect to the sigma-ideals of countable, first category, 
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The question of isomorphisms between these quotients is examined. These techniques are used 
to obtain regularity theorems about a measurable space X from an assumed isomorphism between 
products X” and X”. 
AMS(MOS) Subj. Class.: 28A05, 54E50 
sigma algebra Bore1 set 
sigma ideal analytic set 
0. Introduction 
Let %3(S) be the Bore1 a-field of the interval S = [0, l] and suppose that $( CL), 
,a(~), and 9(c) are the a-ideals of Lebesgue null, first category, and countable 
subsets of S. Then the quotients of a(S) with respect to these o-ideals are objects 
of much study and use in topology and analysis. Recently, some other a-ideals of 
the product Bore1 structure %‘(S”) have shown themselves of a certain interest. In 
analysis, an n-dimensional version of _cJ( p) becomes relevant to the ‘marginal 
problems’ occurring in probability and measure theory [5]. In descriptive set theory, 
a similarly defined version of B;(c) proves rather handy [9,10,11,12,13]. The 
present effort is an attempt to unify some of these results. 
Section 1 contains all the basic definitions. Section 2 explores a notion of regularity 
‘Y-definability’ for product a-ideals. In paragraph 3, a start is made in the direction 
of distinguishing the isomorphism types of the corresponding quotient a-algebras. 
Finally, in Section 4, are some results which obtain information about a space X 
using an assumed isomorphism of X” and X”. 
1. Preliminaries 
By a standard space is meant a measurable space whose Bore1 structure is generated 
by some complete separable metric (i.e. Polish) topology. Throughout this paper, 
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S will denote an uncountable standard space, whilst B(S) indicates its Bore1 
structure. For basic information concerning this and other notions of descriptive 
set theory, the references [l] and [6] may be cited. 
Suppose that N is a subset of S. Then NC = S\N is its complement. If k is a 
positive integer, then Nk is the k-fold product N x . . . x N under the usual product 
Bore1 structure. Often, products Sk will be considered; in this case, it becomes 
COnVenient t0 write Sk = sl x . . . x Sk Or Sk+’ = s,, x s1 x . . * x Sk, where S,, = Sr = 
. . .= Sk are copies of S. If N,, . . . , Nk are subsets of S, then (N,, . . . , Nk) is the 
set of all (sr , . . . , Sk) in Sk such that for some i, one has si E N,. Thus (N, , . . . , Nk) 
isthecomplementinSkof N~xN~x***xN~.Incase N=N,=NZ=...=Nk, 
we write (N,, . . . , Nk) = Nck). 
By a slice of Sk+’ we mean a set of the form A, X. . . x Ak+, , where one Ai = {s} 
is a singleton set and all the other Aj’S equal S,. We call this a slice ofSk” over the 
point s. If B c Sk+‘, then a section of B is the intersection of B with a slice of Sk+‘; 
if K is a slice of Sk+’ over the point s, then B C-I K is a section of B over the point 
s. This set is sometimes identified with its projection onto Sk, and the notation 
B(s) = {(S,, . . . , Sk) E s, x ’ . ’ x Sk: (S, S1, S2, . . . , Sk) E B} 
is used. 
A a-ideal 4 in 95’(S) is continuous if it contains all singleton sets drawn from S. 
There are several such structures occurring frequently in analysis. Let p be a finite 
measure on B(S). Then the a-ideal 9(p) consisting of all p-null sets in %3(S) is 
continuous precisely when p is non-atomic. Let T be a Polish topology on S 
generating the structure 98(S) and let 9(r) be the g-ideal of all r-first category sets 
in a(S). Then 9(r) is continuous if and only if r has no isolated points. The 
smallest continuous &-ideal in W(S) is 9(c), the collection of all countable subsets 
of S. Let X be an uncountable subset of S. Then 9(X) is defined to be the v-ideal 
of all sets NE a(S) such that N n X is countable. Each such .9(X) is continuous, 
and 9(S) =9(c). 
If 9 is a a-ideal in 93(S), then 9’ is a a-ideal in the product structure %l(Sk) 
defined as the collection of all R E C2(Sk) for which there are sets N, , . . . , Nk in 9 
with Rc(N,,..., Nk). Any R c Sk with this property is said to be .9-reticulate in 
Sk. A subset X of S is &dense of order k in S if Xk intersects every set R E 9?(Sk) 
which is not 9-reticulate. For some previous applications of this notion of density, 
see [ 10,11,12,13]. 
1.1. Lemma. Let 4 be a u-ideal in 93(S) and let k be a positive integer. Suppose that 
X is $-dense of order k+ 1 in S. Then X is 9-dense of order k in S. 
Proof. Let R be a set in 98(Sk) such that R n Xk = 0. Consider RO = R x SE 93(Sk+‘). 
Since R, n X kf’ = 0, it must be that R, E $kt’. So there are sets N,, . . . , Nk, Nk+, 
in9withR,c(N,,..., Nk+i). It follows that R c (N,, . . . , Nk). Thus, X is &dense 
of order k. 0 
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If 4 is a a-ideal in 93(S), a subset X of S is 4-Lusin if X is uncountable and if 
N n X is countable for each NE 4. The following lemma is easily checked. 
1.2. Lemma. Let 4 be a continuous u-ideal in 93(S) and let X be an uncountable 
subset of S. Then 
(1) X is 9-Lusin if and only if 9 c 9(X); 
(2) X is $-dense (oforder 1) ifand onZy $9(X) c 4. 
If p is a continuous probability measure on S, then a subset X c S is 9( p)-dense 
if and only if p*(X) = 1, while X is 9( CL)-Lusin if and only if X is a Sierpinski 
set (i.e. has property (S)) for y [2,14]. If T is a Polish topology without isolated 
points, then X = S is 9(r)-Lusin if and only if X is a Lusin set (i.e. has property 
(L)) for r [2,14]. Every uncountable Xc S is 9(c)-Lusin, while X is 9(c)-dense 
if and only if S\X is totally imperfect. If X is uncountable, then by Lemma 1.2, 
X is $(X)-dense and .9(X)-Lusin. 
Let 9? be a class of subsets of S which is closed under countable union of sets. 
A g-ideal 9 in 9?(S) is P?-definable if for each positive integer k and every Bore1 
set B G Sk+‘, the set 
{s E s,: B(s)& 9”) 
is a member of 9’. Note that by taking C to be an arbitrary set in 93(S) and putting 
B=CxSk, one has 
C = {s E So: B(s) @ 9”). 
Thus if 9 is p-definable, then $7 must contain 93(S). Also note that since 93(Sk) 
is of power c, every a-ideal is p-definable for some 9 of cardinality c. Clearly, 
there is a minimal such p. 
1.3. Lemma. Let 9 be a ??-definable u-ideal in 93(S) and suppose that f: C + S is a 
measurablefunction defined onsome C E %(S”). Then {s E S: f-‘(s)a 9”) isa member 
of B. 
Proof. Immediate, taking B = graph( f ). 0 
Let (X, a) and (Y, 93) be measurable spaces and suppose that 9, and 92 are 
c-ideals in d and 93, respectively. Then 9, and 92 are equivalent if there is a Bore1 
isomorphism h of X onto Y such that NE 9, if and only if h(N) E 92. 
We conclude this preliminary section with a result concerning the isomorphism 
of product sets. 
1.4. Lemma. Let X be a subset of S and suppose that m and n are positive integers 
with n < m. If X” is isomorphic with X”, then all of the spaces X”, X”+‘, X*+*, . . . 
are isomorphic. 
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Proof. Note that each of the spaces X”, X”+‘, . . . , X” is isomorphic with a Bore1 
subset of its successor in line. If follows from the measurable version of the 
Cantor-Schroeder-Bernstein Theorem [3, p. 351 that they are isomorphic. Since X” 
and Xn+’ are isomorphic, it follows by inductive process that X” and Xn+k are 
also isomorphic for all k 3 1. 0 
2. Definability for familiar a-ideals 
In this section we review the more commonly occurring a-ideals and determine 
for which classes 9 they are Y-definable. We begin with 9(p), the collection of 
p-null sets in B(S). In this case, 4k actually consists of all members of 9( Sk) 
which are null sets for every p-stochastic measure as described in the following 
lemma. 
2.1. Lemma. Let t_~ be a Bore1 probability on the standard space S. An analytic subset 
A of the product Sk is 9( p)-reticulate if and only if u(A) = 0 for all probabilities Y on 
Sk each of whose univariate marginals on S equals t_~. 
Proof. Suppose that AC Sk is analytic with indicator (characteristic) function IA. 
Let A4 be the set of all probabilities on Sk each of whose one-dimensional marginals 
is p. Let H(A) be the set of all k-tuples (h, , . . . , hk) of bounded measurable functions 
OnSsuchthat lA(s1,...,~k)~hl(s,)+~~~thk(Sk)foralls,,...,skinS.Following 
Kellerer [5], we define 
S(A) = sup{ v(A): v E M}, 
I(A) = inf 
U 
h, dp++’ * *+ 
I 
hk dp: (h,, . . . , hk)E H(A) . 
I 
It follows from Proposition 1.15 in [5] that I(A) =0 if and only if A is 9(w)- 
reticulate. Kellerer’s duality Theorem 2.14 [5] shows that I(A) = S(A). The lemma 
follows. 0 
2.2. Lemma. Let P be the space of probability measures on S, x . . . x Sk. Let A be an 
analytic subset of S,,X S, X. . . X Sk. Then 
V= {(s, v): v(A(s)) > 0) 
is an analytic subset of S, x P. 
Proof. If X is a metric space, we let YC(X) denote the space of compact subsets of 
X [3, Chapter 31. Let Sk+, be a Polish space and define the natural projections 
p: S~xS~x”~xSkxSk+,~S~~S~~.“~Sk, 
q: s,x. ’ ’ x Sk x Sk+, + s, x * * ’ x Sk. 
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Let C be a closed subset of So x * * * x Sk+, such that p(C) = A. Define a subset W 
of S,xPxr~(S,x...xS,~s~+,) by 
The Bore1 measurability of the mappings (s, K ) + {s} x K and K -+ q(K) and ( v, L) + 
v(L) ensures that W is a Bore1 set. It remains only to note that V is the projection 
of Won S,xP. 
We have used the fact that the usual Bore1 structures on P and x(X) are standard 
whenever X is standard [7; and 3, Theorems 3.2 and 3.31. 0 
2.3. Proposition. Let p be a Bore1 probability on S = S, = . . ’ = Sk and let A be an 
analytic subset of S,X S, X. * * x Sk. Then 
R = {s E So: A(s)g ,a”( p)) 
is analytic. Hence the u-ideal 9(p) is 9-de$nable, where 9 is the class of analytic 
subsets of S,. 
Demonstration. Let M be the space of all Bore1 probabilities on S, x . . . x Sk, each 
of whose marginals on S, is p. From Lemma 2.1 it follows that R is the projection 
on S, of 
U={(s, ZJ)ES,XM: v(A(s))>O}. 
Lemma 2.2 establishes U as an analytic set. Noting that M is standard [7], we see 
that R is analytic, as desired. 0 
Note. In the case k = 1, if A is Borel, then so too is R. This is simply measurability 
for Fubini’s Theorem [4, p. 1431. 
2.4. Example. The class 9’ in Proposition 2.3 cannot be taken to be the collection 
of Bore1 subsets of S. To see this, realise S as the interval (0, 1) and let g : (0, 1) + A 
be a Bore1 mapping of (0, 1) onto an analytic, non-Bore1 set A c S. Define f: S2 + S 
byf(x,y)=i(x+y) and put h=goJ:Then 
A = {s E S: h-‘(s)a ,a’( p)}, 
where p is Lebesgue measure on S. Note that if s r~ A, then g-‘(s) = 0, but if s E A 
and g(t) = s, then h-‘(s) contains the non-reticulate segment {(x, y): x + y = 2t). 
It is clear from this example that the class of all analytic sets is the smallest 9 
for which .9(p) is Y-definable. 
We now turn our attention to 9(c), the c-ideal of countable subsets of S. In this 
regard, consult [lo] and [ 121. 
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2.5. Lemma. Let k be a positive integer and let A be an analytic subset of S, x S, x * * . x 
Sk. Then 
{SE&: A(s) 
is analytic, where 9(c) is the u-ideal of countable subsets of S. 
Indication: This is Proposition 1 in [12]. 
2.6. Proposition. Let Y be the class of all analytic subsets of S. Then 9 is the smallest 
class for which 9(c) is p-definable. 
Demonstration. That 9(c) is Y-definable follows from lemma 2.5. The minimality 
of ?J’ is implied by remarks in [6; p. 4971. 0 
Consider the a-ideal 9(A), where A is some analytic subset of S. 
2.7. Lemma. Let k be a positive integer and let A c S be analytic. Zf R is an analytic 
subset of Sk = S, x. . . X Sk disjoint from Ak, then R is 9’(A)-reticulate. 
In particular, A is S(A)-dense of every order k. 
Proof. We use induction on k. For k = 1, the lemma becomes, in essence, a restate- 
ment of Lusin’s first separation principle. Assume the result for k - 1 and consider 
the projection P of R n [S, x A x . ..xA]=Rn[S,~A~~‘]ontothefirstfactorS,. 
The set P is analytic and disjoint from A. Again, use Lusin’s principle to find a 
Bore1 C c S, such that P c C and A c Cc. 
Define R,=Rn(C’xS,x. * * x Sk). Then project R, onto the last k - 1 factors 
to obtain an analytic set Q c S, x . . . x Sk disjoint from Ak-‘. From the induction 
hypothesis, there is some N E 4(A) such that Q c N(k-‘). Then M = C u NE 4(A) 
is such that R c Mck), as desired. 0 
2.8. Lemma. Let AC S be analytic and C a Bore1 subset of S, x . . . x Sk. Then 
C E .Yk(A) if and only if C n Ak E ,ak(c). 
Proof. If C E 4k(A), then there is some NE 9(S) such that N n A is countable and 
Cc Nck’. Clearly C n Ak c Nck) n Ak E 9’(c). Conversely, if C n Ak E 9’(c), then 
there is some countable set M with C n Ak c Mck). Consider the Bore1 set C\ Mck), 
which is disjoint from Ak. Using Lemma 2.7, we find a Bore1 set VE 4(A) with 
C\Mck’ c Vck’. Then C c (Mu V) (k) Since Mu VE 9(A), we see that C E 4k(A), .
as desired. q 
2.9. Proposition. Let A be analytic and let 9 be the class of all analytic subsets of S. 
Then 4(A) is 9’-dejinable. 
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Demonstration. From Lemma 2.8 it follows that for each analytic B c S,, x S, x * . . x 
S,, one has 
{SE&: B(~)E?$~(A)}={.sES~: (BnD)(s)G4k(~)}, 
where D = So x Ak. Lemma 2.5 now implies that this set is analytic. 0 
Analysis of the g-ideal 9( 7), where 7 is a Polish topology without isolated points, 
seems rather more difficult. I have not resolved the following: 
2.10. Conjecture. 9(~) is ??‘-definable, where ?? is the class of analytic subsets of S. 
It does suffice to take C7’ as the class of CPCPCA projective sets, however. 
3. Inequivalence of product u-ideals 
In this section we take up the matter of distinguishing various product v-ideals 
as inequivalent. We require a sort of ‘marriage theorem’ for sets that are not 
9(c)-reticulate. 
The following fact, first demonstrated for the case n = 2 by Graf and Mauldin, 
was recently proved for all n by Sarbadhikari [9]. 
3.1. Lemma. Let R be an analytic subset of S” which is not 9(c)-reticulate. Then R 
contains a non-reticulate set T E %(S”) each of whose sections is either singleton or 
empty. 
Note that such a set T has the property that NC T is 9(c)-reticulate if and only 
if N is countable. 
A set Bc Sk is a c-set (for the a-ideal 9) if BE %‘(Sk)\9’ and every disjoint 
family of sets in %( S”)\9’ contained in B is at most denumerable. Note that the 
property of having a c-set is preserved under equivalence of a-ideals. 
The q-ideals ,a( p) and ,a( T) have c-sets for any k 2 1. One may take B to be the 
diagonal in Sk, 
B = {(s,, . . . , sk): s, = s2 =. . . = sk}. 
However, the a-ideals 9(c) and 4(A) have no c-sets for any k: this follows from 
Lemma 3.1 and the fact that every uncountable Bore1 subset of Sk may be expressed 
as an uncountable disjoint union of uncountable Bore1 sets. We have established 
the following proposition. 
3.2. Proposition. Let n and m be positive integers. Then the u-ideals 4” and 2”’ are 
not equivalent whenever 4 is one of the u-ideals ,a(~) or 9(~) and 2 is one of the 
u-ideals 9(c) or 4(A). 
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3.3. Proposition. Let t.~ be a non-atomic probability on S and let 7 be a Polish topology 
on S without isolated points. Then for no two positive integers m and n are the u-ideals 
9”(p) and gim(~) equivalent. 
Demonstration. We begin with the following: 
Claim I: There is a probability measure v on S” and a set B E 93( S”) with V(B) = 1 
and such that for each Bore1 set C G B we have V(C) = 0 if and only if C is 
4(p)-reticulate. To prove the claim, take B to be the diagonal 
B={(s,,. ..,s,): s1=* * *=s,} 
and v to be the measure on B whose projection onto each factor of S” is p. 
Claim 2: Let p be a Bore1 probability on Sm. Then one may write S” = B, u B2, 
where p( B,) = 0 and B2 E 9m( 7). To see this, let pl, . . . , pm be the univariate mar- 
ginals of p on the factors of Sm. It is well-known that one can find sets N,, . . . , IV, 
in %‘(S) such that pi(AJ,)=*..=p,(N,,,)=O and S\N,,...,S\N,,, are of first 
category. Then put B, = (AtI,. . . , IV,,,) and B2 = Sm\B, . We see that p( B,) = 0 and 
that B*E Jjm(~). 
Now suppose that h: S” + S” provides an equivalence of 9”( CL) and ,arn(7). Let 
Y be a measure on S” and let B E 93(F) be as in Claim 1. Define the image measure 
p = h(v) = vh-’ on Sm. Let S” = B1 u B2 be the decomposition from Claim 2. Then 
p(B,nh(B))=O and B,~~(B)E~“(T). So h-‘(B,nh(B))=h-‘(B,)nB is a set 
in 9(Sn)\9”( p) with v-measure zero. This is a contradiction. 0 
We now consider continuous o-ideals of the form 9(A), where A is an uncountable 
analytic subset of S. A few preliminaries are needed. 
Call a subset T of S totally imperfect if whenever B E B(S) and B c T, then B is 
countable. Clearly, T is totally imperfect if and only if T’ is 9(c)-dense (of order 
1). A subset A of S is Borel-dense (compare [lo]) if there is some BE a(S) with 
A c B and B\A totally imperfect. The following results are classical [ 1, p. 11; 61. 
3.4. Lemma. Let K be an analytic subset of S”, each of whose sections is countable. 
Then K is a countable union of analytic sets, each of whose sections is either void or 
singleton. 
3.5. Lemma. Let K be an analytic subset of S”, each of whose sections is either empty 
or singleton. Then K is contained in a set LE 93(S”) with the same property. 
Our main result for 9*(A) is 
3.6. Proposition. Suppose that A is any subset of S such that S\A is totally imperfect. 
Then 4(A) = 9(c). Conversely, if A is not Borel-dense, but is analytic, then for no 
positive integers m and n are the u-ideals 4 m(A) and 9 “(c) equivalent. 
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Demonstration. The first part of the proposition is rather immediate. Suppose the 
A G S is analytic and not Borel-dense. Suppose also that h: S” + S” is an isomorph- 
ism providing an equivalence between 4”(A) and 9”(c). 
Define D to be the diagonal in S” and consider the analytic set K = h(D n A”). 
Now K has the property that if B E 93(S”) is a subset of K, then B ~2 9a”(c) if and 
only if B is uncountable. For this reason, every section of K is countable. 
Lemma 3.4 implies that K may be written as K = K, u K2 u . . . , a countable 
union of analytic sets, each of whose sections is either empty or singleton. Using 
Lemma 3.5, we find sets L,L2. . . in %(S”) with K, c L, for n = 1,2, and such that 
every section of each L, is either empty or singleton. Put A4 = U, L, n h(D). 
The difference M\K is totally imperfect. To see this, note that any Bore1 set 
B c L,\K, is $( c)-reticulate if and only if it is countable. On the other hand, every 
Bore1 set contained in h(D)\K is 9(c)-reticulate (using the fact that h is an 
equivalence). 
So C = h-‘(M) is a Bore1 set with D n A”’ c Cc D and such that C\(D A A”) 
is totally imperfect. Since D n A” is isomorphic with A and D with S, it must be 
that A is Borel-dense. This is a contradiction. cl 
3.7. Proposition. Let n > 1 be an integer. Then the u-ideals 9 and 4” are not equivalent 
whenever 9 is one of the u-ideals 9(p), 9(~), 9(c) or 4(A). 
Demonstration. For the a-ideals ,a( p) and ,a(~), this follows because a(S)\9 has 
the countable chain condition, whereas %(S”)\$” does not for n > 1. For 9(c), the 
result follows because 9”(c) has uncountable members (n > l), whereas 9(c) does 
not. 
Now suppose that a Borel-isomorphism h: S+ S” provides an equivalence 
between 4(A) and .Pan(A). Consider the analytic set h(A) c S”. Every section of 
h(A) must be countable. From Lemma 3.4 it follows that h(A) is a countable union 
of analytic sets T,, each of whose sections is at most a singleton. Put T= T, u 
T,u.. . . 
Claim: A”\T contains a Bore1 set B not in can(A). To see this, let p be a 
non-atomic probability on S with p(A) = 1. Let v = p 0. . .@ p measure 
S”. v(A”) but =0 by Fubini’s Since is V- 
measurable, a Bore1 v(B) cannot 
So h-‘(B) must an uncountable with But n A = 
0, a contradiction. 
Question. Is it ever the case that 9” and 9”’ are equivalent (n # m) when $ is 
one of the a-ideals ,a( p), 9(~), 9(c), or 4(A)? 
3.9. Example. There is a continuous u-ideal 4 for which $ and 9’ are equivalent. 
Take S = R and let f: S + S2 be a Borel-isomorphism such that for all BE %I( S), 
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m,(B) = m,(f(B)), where m1 and mz are linear and planar Lebesgue measures. 
Define a sequence of o-ideals in C%‘(S) as follows: 
$“={BE B(S): B countable}, Ba+, = c (f-Y&C) u 2,) 
$A = C (I_. {Ba : a < A}) for limit ordinals A, 
where C (&) denotes the smallest u-ideal in B(S) containing the family d. It is 
easily seen that ,$ = IJ (2 a : a < w,} is a proper continuous o-ideal in B(S) such 
that f(&t) = 2’. 
This section concludes with the following reminder that equivalence of a-ideals 
and isomorphism of quotient a-algebras are much the same thing. 
3.10. Fact. Let S and T be standard spaces and let 4 and 2 be u-ideals in 3(S) and 
93(T), respectively. Suppose that each of 9 and 2 contain a set of cardinality c. Then 
the following are equivalent: 
(1) 4 and 9 are equivalent a-ideals 
(2) %‘( S)/9 and 9J’( T)/$ are isomorphic Boolean algebras. 
Indication: This is easily derived from a well-known theorem of von Neumann 
as stated in Royden’s book [8; p. 3291. 
4. Isomorphisms of product spaces 
In this section we focus on how much regularity we can deduce for a space X 
using little more than the isomorphism X” =X”’ for n Z m. The first result of this 
section looks rather technical. However, due to the availability of a stronger induction 
hypothesis, it is easier to demonstrate than its simpler and more natural corollary. 
4.1. Proposition. Let k be a positive integer and let 4 be a continuous P-dejmable 
a-ideal in C%(S). Let X be an 9-Lusin set 9-dense of order k - 1 in S (if k = 1, this 
last amounts to no restriction). Suppose that N is a countable set and that g: BO+ B 
is an isomorphism of a Bore1 set B, G Sk onto another Bore1 set B c_ Sk x N such that 
(a) Xks BO, 
(b) foreachnEN, thesectionB,={~~S~:(u,n)~B}isamemberof4~ 
(c) g(X”) = Bn (X” x N). 
Then X is a member of P. 
Demonstration. We proceed via induction on k. Let k = 1. We show that conditions 
a, b, c cannot be simultaneously satisfied, so that the theorem is in this case vacuously 
true. Since X is $-Lusin, it is uncountable. So also is g(X) = B n (X x N). For 
some n E N, the set B, n X is uncountable. Thus B, & 9, a contradiction. 
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For the inductive step, we assume the proposition for k - 1 and establish it for 
k. Define p: Sk x N + Sk to be the obvious projection map. Since each B, E 4k and 
X is 9-Lusin, one sees that p( B, x {n}) n Xk is contained in a countable union of 
slices of Sk over points of X. For each n, take C,, to be such a union and put 
c=c,uc~u.“. 
Define CO = g-‘( C x N), noting that Xk c CO. It then becomes possible to con- 
struct a Bore1 isomorphism g,: CO+ Sk-’ x M, where M is a countable set and 
g,(Xk) = g,( CO) n (Xk-’ x M): in general, there are as many points in M as there 
are slices in C. 
Let f: g,( C,,) + S be defined as the composition q 0 go’, where q: Sk + S is projec- 
tion to the first factor. If D is any Bore1 subset of Sk-’ x M and m E M, we write 
D(m)={uESk-~:(U,m)ED}. 
Consider the set 
A=u{s~S:f-‘(s)(n1)f9~-‘}. 
m 
Here f-‘(s)(m) is the section off-‘(s) over m E M. Since 9 is p-definable and 9’ 
is closed under countable unions, it follows from Lemma 1.3 that AE 9. 
If now a rZ X, then f-‘(a) = gO({a} x Sk-‘) is a Bore1 set disjoint from Xk-’ x M. 
So, for each m E M, the set f-‘(u)(m) is disjoint from Xkm’. Since X is 9-dense 
of order k- 1, it follows that f-‘(a)(m) belongs in Cak-‘. So a EZ A, showing that 
AGX. 
Now either A = X, in which case we are done, or else there is some point a E X\A. 
Then g,, when restricted to {a} x Sk-’ gives a Bore1 isomorphism of CO n 
({a} x Sk_‘) 2 {a} x xk-’ onto some Bore1 set E E Sk-’ x M such that for each m E M, 
the section E(m) E 9k-‘. Using the induction hypothesis and Lemma 1.1, we see 
that X E 9’, as claimed. q 
4.2. Corollary. Let m > n be positive integers and let 9 be a continuous 9-dejinuble 
a-ideal in a(S). Let X be an 9-Lusin set $-dense of order n such that X” and X” 
are Borel-isomorphic. Then X E 9. 
Proof. Lemma 1.4 implies that X” and X”+’ are isomorphic. Let f: X”+‘+ X” 
provide the isomorphism. Then f extends to an isomorphism g: BO+ B between 
B”E %(S”+‘) and BE %(S”+‘) such that 
(a) X”+‘s BO; 
(b) B is contained in a single slice of S”+‘, so that BE 9nt’; 
(c) g(X”“) = B n X”+‘. 
An application of Proposition 4.1 with k= n+ 1 and N singleton shows that 
XE9. 0 
There are a number of curious applications of Corollary 4.2. For instance, under 
the assumption of the continuum hypothesis, one can produce .9( p)-Lusin (i.e. 
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Sierpinski sets) X that are 9( CL) dense of order 2. For such spaces, we have that 
X2 and X3 are not Borel-isomorphic. Also, using only transfinite induction, one 
can exhibit non-analytic sets which are 4 (c)-dense of order 2. (Amongst 9j (c) -dense 
sets, these are the ones having the ‘Blackwell property’.) If X is such a space, then 
X2 and X3 have distinct isomorphism types. For details concerning such spaces, 
see [10,11,12] and especially [13]. 
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